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Abstract. We say that a Hopf algebra H is semicocommutative if the right ad- 
joint coaction factorizes through H ^Z(H), where 'Zi(H) denotes the centre of H. For 
instance the commutative and the cocommutative Hopf algebras are semicocommuta- 
tive. The quasitriangular Hopf algebras generalize the cocommutative Hopf algebras. 
In this paper we introduce and begin the study of a similar generalization for the 
semicocommutative ones. These algebras, which we call semiquasitriangular Hopf 
algebras have many of the basic properties of the quasitriangular ones. In particular, 
they have associated braided categories of representations in a natural way. 



Introduction 

Let fc be a field. All the algebras and vector spaces considered in this paper 
are over fc, all the maps are fc-linear maps and the unadorned tensor product will 
denote the tensor product over fc. As usual, given a Hopf algebra H , we write /x, 77, 
A, e and S*, adorned with a subscript if necessary, to denote the multiplication, the 
unit, the comultiplication, the counit and the antipode of H , respectively. For the 
comultiplication we use the Sweedler notation A(/i) — hi®h2, without summa- 
tion symbol. Moreover, given a right _ff-comodule M with coaction um, we write 
h'Mi'm-) = "m-o '^rni (also without any summation symbol). If M is a left i7-module, 
then the notation that we will use is VMi'nT') = rri-i (E) toq. 

Recall that a Hopf algebra H is called cocommutative if A ~ tA, where A 
denotes the comultiplication oi H and r: H®H H®H is the flip T{h®l) = l®h. 
Let S be the antipode of H . It is easy to check that H is cocommutative if and 
only if Ad(/i) := /i2 ® S{hi)h^ — h®l for all h G H . That is, if the right adjoint 
coaction is trivial. In fact, in this case, S'^{h) — S^{h2)S{hi)hs = h for all h G H, 
and then h2® hi = h2® S'^{hi) = ® S^{h2)S{hi)h4 = hi /12. The converse 
assertion is trivial. 

Let H he & Hopf algebra and let Z{H) the centre of H. We say that a Hopf 
algebra H is semicocommutative if Ad{h) G H ^ for all h € H. That is, if the 
right adjoint coaction factorizes through H (g) Z{H). 

For instance, the commutative and cocommutative Hopf algebras are semico- 
commutative Hopf algebras. Moreover, the class of these algebras is closed under 
the operations of taking tensor products, subHopfalgebras and quotients. 
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Let H he a semicocommutativc Hopf algebra. A normal H-module is a vector 
space M, endowed with a left action p: H ® M ^ M and a right coaction u: M ^ 
M iSiH, such that for all h G H and m G M, 

(1) u{m) e M(8)Z(i7), 

(2) i'{h • m) = /i2 • mo S{hi)hsmi. 

A morphism f:M^N of normal H -modules is a map which is a morphism of 
il-modules and ff-comodulcs. 

For instance, H, endowed with the left regular action and the right adjoint 
coaction, is a normal i?-module, and, if iJ is a cocommutative Hopf algebra, then 
each left i/-modulc, endowed with the trivial coaction, is a normal i/-module. 

Note that the definition of normal iJ-module is similar to the definition of Yetter- 
Drinfeld module. In fact, when H is commutative both notions coincide. 

Next, we mention without proof some results about semicocommutativc Hopf 

algebras. 

Theorem. For each semicocommutative Hopf algebra H, the category H-M^{n), 
of normal H-modules, is a braided category. The unit object is k, endowed with the 
trivial action and the trivial coaction, and the tensor product is the usual tensor 
product over k, endowed with the diagonal action and the diagonal coaction. The 
associative and unit constraints are the usual ones and the braid c is given by 
CMN{m ® n) = HQ ® ni ■ m. 

Example. Let G be a group and let Z(G) be the center of G. A normal k\G]- 
module is a direct sum M = (Bgez{G)Mgj of left G-modules Mg. A map / : M ^ N 
is a morphism of normal fc[G]-modules if it is G-linear and f{Mg) C Ng for all 
g e Z(G). The braid cmn '■ M<S:N^N^M is given by CMJv('n <Sin) = n<Si g ■ m, 
for m E M and n S Ng. 

Example. Let G be a finite group. Using that a right A;[G]*-comodule is the same 
that a left A: [G] -module and that a fc[G]* -module is the same that a G-graduate 
fc-modulc, it is easy to check that a normal A;[G]*-module is a left G-module M, 
endowed with a decomposition M = (BgecMg, such that 

m e Mg y ■ m. G Mygy-i , for all g,y G G. 

Moreover, a map / : M — »■ A'' is a morphism of normal A;[G]-modules if it is G-linear 

and f{Mg) C Ng for all g GG. Finally, the braid Cmn : M <S: N ^ N <S: M is given 

by CMN{fn ® n) = g ■ n ® m, for m G Mg and n G N . 

Theorem. For each semicocommutative Hopf algebra H , the full braided subcate- 
gory of HM.^{n), consisting of all finite dimensional normal H-modules, is rigid. 

Proposition. If H is an semicocommutative Hopf algebra, then 
S'^{h) = h2S{hi)h3, forallhGH. 

One can think the quasitriangular Hopf algebras [D] as a generalization of the 
cocommutative ones. The aim of this paper is to introduce and begin the study 
of a similar generalization for the semicocommutative ones, that we call semiqua- 
sitriangular Hopf algebras. Such an algebra is a pair {H,R), consisting of a Hopf 
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algebra H and an invcrtiblc clement R oi H ® H, satisfying suitable conditions. 
From the definition it follows that {H, 1 1) is semiquasitriangular if and only if 
H is semicocommutative. Moreover, the quasitriangular Hopf algebras are semiqu- 
asitriangular. 

Our main results are Theorem 2.5, Corollary 2.10, Theorem 2.11 and Propo- 
sition 3.2. In particular we get generalizations of the semicocommutative Hopf 
algebras results mentioned above. 

Wc want to note that one can arrive to the notion of semiquasitriangular Hopf 
algebra in a different way to the considered in this paper. In [G-Gl] (see also 
[G-G2]) we define a notion of Hopf crossed products, that generalize the classical 
one introduced in [B-C-M] and [D-T]. In [Ml] was proved that if H admits a 
quasitriangular structure, then the Drinfeld double D{H) of H is isomorphic to a 
classical Hopf crossed product A^H. In [D-G-G] was proved that for D{H) be 
isomorphic to a Hopf crossed product A^H in the sense of [G-Gl], it suffices that 
H admits a semiquasitriangular structure. This gives a version for this setting of 
the Majid result. 

1. Semiquasitriangular Hopf algebras 

In this section we introduce the notion semiquasitriangular Hopf algebras and 
study its basic properties. Moreover, we show that this concept includes the ones 
of quasitriangular and semicocommutative Hopf algebras. All the results of this 

section arc immediate in the last case. 

Before beginning we establish some notations. Let H he a. Hopf algebra, R = 
i?f ^ (g) rP an invertible element of H (gi H axid t : H (gi H ^ H ^ H the 
T{h (g) /) = / (g) /i. 

(1) We will write R = R^^^ (g) R^'^\ understanding the summation symbol and 
the index i. Similarly i?^^^) (gi?~(^) denotes R~^. When it is necessary we 

let (g R (gR , etcetera denote copies of R. 

(2) Given n > 1 let iJ®" be the tensor products of n copies of H. For any 
2-tuple (fci, ^2) of distinct elements of {1, . . . , n}, we let Rki,k2 denote the 
element of if®", given by 

i 

where y^'''^ = R^p for any j = 1, 2 and y^^^ = 1, otherwise. 

(3) Given 1 < i < n wc let t,„ : H®" ^ i?®" denote the map t,„ := H®'-'^ (g 
T (g Here we extend the notation of iJ®", taking = k. 

Definition 1.1. A semiquasitriangular Hopf algebra is a pair {H,R), where H is 
a Hopf algebra with bijective antipode and R € H ^ H is a.n invertible element 
satisfying 

(1) R[^^ ® ® -R^'^ = ^^'^ ® ^'^'^ ® i?(2)ii'(2), 

(3) J?'(i) Rf^R'(^) = RW R'Wr(^^ , 
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(4) R^^^R'W ® R^^^R'^^'> ® = (g, ij'(2)ij« ^ ij(2)^ 

(5) iy{h) := i?(2)/,2i^'(2) ^ S'(/ii)5'(i?(i))/i3i?'(i) e (g, Z(i?) for all heH, 

(6) = i?(i)/i2i?'(^^ ® 5(i?/(2))5'(/ii)i?(2)/i3 for all /i e 

If (iJ, -R) is a semiquasitriangular Hopf algebra, we say that i? is a semiquasitrian- 
gular structure for H. 

The following result generalizes items (l)-(4) of the above definition 

Proposition 1.2. Let {H, R) be a semiquasitriangular Hopf algebra and let n > 1. 
The following assertions are valid: 

(1) (A" (g) H){R) = i?l,,i+2-R2,n+2 • • • Rn+l,n+2, 

(2) {H ® A")(i?) = i?l,„+2i?l,„+l • • • Rl2, 

(3) [H ® nn A")(i?)i?,+i,.+2 = R^+u^+2{H A")(i?) /or an 1 < i < n, 

(4) in^ A" ® H){R)R,^,+, = i?,,,+i(A" (g) /or alll<i<n, 

Proof. Items (1) and (2) follows easily by induction on n. We prove item (3) and 
leave the last one to the reader. Assume by induction the formula is true for n. 
Since, 

(2) (if®A"-i)(i?) = i?i,„+ii?i„---i?i2, 

we have 

(ifOTi„A")(i?)i?i+i,i+2 = (//'® A™P0if"-^)(i?i,„+ii?l„---i?i2)i?.+l,.+2 
= -Rl,n+2-Rl,n+l • • • R\,i+z{H^ <S) A'^°P)(i?i,,+i)i?i+i,i+2-Rlj-Rl,i-l • • • Rl2- 

Hence, by item (3) of Definition 1.1, 

(ij0T„ A")(i?)i?,+i,,+2 

= Rl,n+2Rl,n+l ■ ■ ■ Rl,i+3Ri+l,i+2{H^ ^)iRl,i+l)RliRl,i-l ' ' ' Rl2 

= Ri+i,i+2{H' A (g i?"-^)(i?i,„+ii?i„ • • • i?i2) 
= Ri+i,i+2{H0A"){R), 

where the last equality follows by (2). □ 

Proposition 1.3. // {H, R) is a semiquasitriangular Hopf algebra, then 

{e H){R) ^ {H (g) e){R) = 1, {S (g, H){R) = R-^ and {H ® S){R-^) = R. 
Hence, (S ® S){R) = R. 

Proof. The proof given in [M2, Lemma 2.1.2] for quasitriangular Hopf algebras only 
use items (1) and (2) of Definition 1.1. □ 

Proposition 1.4. If{H,R) is an semiquasitriangular Hopf algebra, then 

R12R13R23 = -R23-Rl3-Rl2- 

Proof. The proof given in [M2, Lemma 2.1.4] for quasitriangular Hopf algebras only 
use items (2) and (3) of Definition 1.1. □ 
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Example 1.5. A Hopf algebra H is semicocommutative if and only if {H, Ih^h) 
is a semiquasitriangular Hopf algebra. 

Example 1.6. Each quasitriangular Hopf algebra is semiquasitriangular. In fact, 
if {H, R) is a quasitriangular Hopf algebra, then it is well known that {H, R) satisfies 
conditions (l)-(4) of Definition 1.1. Moreover, for all h & H, 

v{h) = i?(2)/i2ii'(2) ,g5(/i,)5(i?(l))/j3i?'(l) 
= i?(2)/i2ii'(2)0 5(ij(l)/i,)/i3i?'(l) 
= /llii(2)ij'(2)^5(/j2i?(l))/i3ij'(l) 
= /li?(2)ij'(2)^5(ij(l))ij'(l) 
= /l0 1, 

which clearly belongs to H iE)Z{H), and 

R^^^h^R!^^^ ® S{R'^^^)S{hi)R^^'>h3 = /i3i?^''i?'^'' S{R"^^^)S{hi)h2R^^^ 

= /lO 1. 

Example 1.7. If {H, Rh) and (L, Rl) are semiquasitriangular Hopf algebras, then 

{H (g) L, Rh®Rl), where Rh®Rl := [h ® t (g) L){Rh ® Rl), also is. 

Example 1.8. The class of semiquasitriangular Hopf algebra is closed under the 
operations of taking quotients. Moreover, if {H, R) is a quasitriangular Hopf alge- 
bra, L C H is a subHopfalgebra of H and R Q L L, then {L, R) is a semiquasi- 
triangular Hopf algebra. 

Proposition 1.9. // (H, R) is a semiquasitriangular Hopf algebra, then 
= R^^^h2S{R'(^y) ® S{hi)R^''^h3R'^^\ 

for all h€ H. 

Proof Since, by Proposition 1.3, i?'(2)i?(2) ^ S'(2)(i?(i))5(i?'(i)) = 1 O 1, we have 

U{h) = i?(2)/i2i?'(2) 5(/li)^(i?(l))/l3i?'(l' 

= i?(2)/i2i?'(2)ij'"(2)^»(2) ^ ^(/,^)5(i?(l))/,3i?'(l)^2(^,/(l))^(^/»(l)) 

= i?(2);^^^/(2)^//,(2)^„(2) ^ 52(^//(l))^(;j^)^(^(l)^/j^^,(l)5,(^,/,(l)^ 

So, the first equality is true. The second one follows in a similar way. □ 
Let if be a braided Hopf algebra. Since S{Z{H)) = Z(iJ), it is true that 

{S®S)iyS-'^{h)eH®Z{H) for all /i G il. 
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Using the expressions for v given in Definition 1.1 and Proposition 1.9 to compute 
this map, we obtain that for all h G H: 

{S ® S)uS-^{h) = i?(2)/i2ii"(2) ^ R(^)h,S{R"^^'>)S{h3) 

= i?(2)/j2i?'(2) ^ /ii^(i?'(l))5(/l3)52(i?(l)) 

Proposition 1.10. If R is a semiquasitriangular structure for a Hopf algebra H, 
then so is t{R~^). 

Proof. Conditions (1) (4) of Definition 1.1 follow from standard arguments for qua- 
sitriangular Hopf algebras [M2, Exercise 2.1.3]. Hence, we only check conditions (5) 
and (6). By Proposition 1.3 and the fact that {H,R) satisfies Proposition 1.9, 

'^{H,r{R-'))W = S{R^'^)h2S{R'^'^) ® 5(/li)5(i?(2))/j3ij'(2) 
= i?(l)/l25(i?'(l)) ® 5(/li)i?(2)/l3i?'(2) 

Consequently, (H, r(i?^^)) satisfies condition (5). Moreover, by By Proposition 1.3, 
Proposition 1.9 and condition (5) of Definition 1.1 for R, we have 

V{H,T{R-^))ih) = V(H,R)(.h) 

= ^ S^{R'^''^)S{hi)S{R'^'y)h3 

So, {H,t{R~^)) also satisfies condition (6). □ 

Proposition 1.11. If R is a semiquasitriangular structure for a Hopf algebra H, 
then t{R) and R~^ are semiquasitriangular structures for 11°^ and H'^°p. 

Proof. By Proposition 1.10 it suffices to prove it for t{R). As before, wc only 
check conditions (5) and (6) of Definition 1.1, since conditions (l)-(4) follow from 
standard arguments for quasitriangular Hopf algebras. In the rest of the proof all 
the multiplications arc in H. By Proposition 1.3 and the fact that (II,R) satisfies 

condition (5) of Definition 1.1. we have 

= S-\R'^''>)S-\h)2S-\R'^'^) ® i?'(2)5(5-i(/i)i)S'-i(i?(2))5'-i(/i)3 
= i?W5-i(/i)2i?'(i^ ® 5(i?'(2))5(5-i(/i)i)i?(2)5-i(/i)3 

= U^H^R){S-\h)), 

for all he H. Prom this it follows immediately that iy(Hop,T(R))ih) e i?°P(g)Z(if°P). 
Now, let h € H. Using Propositions 1.3 and 1.9, we obtain 

iyiH,R){S~\h)) = R^^^S-\hhR'^^^ ® S{S-\h),)SiR'^'^)S-\h),R'^'^ 

= 5-i(i?(2))^-i(/i2)5-i(i?'(2)) ^ /j3i?(i)5-i(/ji)5-i(i?'(i)) 

= 5-i(i?'(2)/,,2i?,(2)) ^ hsR.^^'>S-Hhi)S-HR"^'^)- 

From these facts it follows easily that {H°p ,T{Rj) satisfies condition (6) of Defini- 
tion 1.1. It remains to prove that t{R) is a semiquasitriangular structure for H''"^. 
We leave this task to the reader. □ 
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2. Normal modules 

Let {H, R) be a semiquasitriangular Hopf algebra. In this section we introduce the 
category (^H,R)-M^^'^\n) of left-right normal (iJ, i?)-modules and begin the study 
of its properties. We assert that this is the suitable category of representations of 
{H, R) . Evidence that this assertion is "right" is given by the facts (proved in this 
section) that 

- H is a. left-right normal {H, i?)-module in a natural sense, 

- (H,R)M.^^'^\n) is a braided category, 

- The full braided subcategory of (H,R)M^^'^\n) made out of the finite dimen- 
sional modules is rigid, 

- if {H, R) is quasitriangular, then the category of left ff-modules is, in a natural 
way, a braided subcategory of {H,R)-M^^'^\n). 

For an exposition of the theory of braided Hopf algebras, we remit to [J-S] , [Ka] , 
[Ch-P] and [M2]. 

Definition 2.1. Let (H, R) be an semiquasitriangular Hopf algebra. 

A left-right normal {H, i?)-module is a vector space M, endowed with a left action 

pM '■ H ® M ^ M and a right coaction vm '■ M ^ M ® H, such that for all /i e i? 

and m G M , 

(1) UM{m) e Z(F), 

(2) VM{h ■ m) = i?(2)/j2i?'(2) . mo ® Sihi)SiR^^'>)haR'^^'>mi. 

A left normal {H,R)-modu\e is a vector space M, endowed with a left action 
Pm : H ® M ^ M and a left coaction vm : M ^ H ® M, such that for all h £ H 

and m G M, 

(1) i/m(w) G Z{H)®M, 

(2) UM{h ■ m) = S'-i(/i3)S'-i(i?(2))/iii?'(2)yn_i (8> R(^)h2R"^^^ ■ mo. 

A right normal {H, ii)-module is a vector space M, endowed with a right action 
Pm '■ M ® H ^ M and a right coaction vm '■ M ^ M ^ H, such that for all h G H 

and m G M, 

(1) i/m(to) eM(dZ{H), 

(2) UM{m ■h)=mo- R'^^^h2R^^^ (8> mii?'(2)/i35-i(i?(2))S'-i(/ii). 

A right-left normal (if, i?)-module is a vector space M, endowed with a right action 
Pm : M ® H ^ M and a left coaction vm : M ^ H ® M, such that for all h € H 
and m G M, 

(1) i/M(TO) G Z{H)^M, 

(2) UM{m ■ h) = m_iii'(i)/ii5(i?(i))6'(/i3) (8> mo • R'^'^^hiR^'^l 

In all the cases a morphism / : Af ^ of normal if-modules is a map which is a 
morphism of iJ-modulcs and i7-comodules. 

For instance, if ff is a semicocommutative Hopf algebra, then each normal H- 
module is a left-right normal {H, ljj|giij)-module, and if {H, R) is a quasitriangular 
Hopf algebra, then each left -module can be think as a left-right normal {H, R)- 
module with trivial coaction. 

Prom now on by a normal {H, i?)-module we understand a left-right normal 
{H, i?)-module. 
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Lemma 2.2. Let {H, R) be an semiquasitriangular Hopf algebra. For each h G H, 

{H (g) A) i^{h) eH(S Z{H) (g) H. 

Proof. By item (1) of Definition 1.1, we have: 

{H (g) A) iy{h) = {H(g, A)(i?(2)/j2i?'(2) (g, S{hi)S{R^^^)h3R'^^^) 

= i?(2)i?(2)/j3i?'(2)i^'(2) 

Now, the assertion follows immediately from item (5) of Definition 1.1. □ 

Proposition 2.3. // (H, R) is an semiquasitriangular Hopf algebra, then H , en- 
dowed with the left regular action and the coaction v introduced in Definition 1.1, 
is a normal H-module. 

Proof. It is immediate that is a counitary map that satisfies condition (1) of Def- 
inition 2.1. Next, we check that it is coassociative. By item (2) of Proposition 1.2, 
we have: 

{v (g) H) v{h) = (!/ (g> if)(i?(2)/i2E^^) S{hi)S{R^^^)h3R''^^) 

= mRf^h^R^^^m S{Rfh2Rf^)S{W^)Rf\^Rfm 

^ S{hi)S{R^^^)h5R^^^ 
= R^^^R'^^hsR'^^^R^^^ ® S{R''^'h,R''^'^)S{R^'y)R^'^h4R^'^R^'^ 

Hence, by conditions (1) and (4) of Definition 1.1 and Proposition 1.3, we have: 

(i. ® H) v{h) = R^'^h^R'^'^ ® S{R''^'h2R''^'^)SiR['^)R^'^h4R^'^Rf 

= R^'^h^R'^'^ S{R['^R''^'h^,R''^'^)Ri'^h,R^'^Ri'^ 

^S{R('^R^^^R''^'h,)h,R^'^RfR''^'^ 
= R^'^hsR'^"^ ® S{R"^'^R^^h2R"^"^)R^'^h,RfR^'^ 

= mhsR'^'^ 55 SiR''^')s{h,)S0^^)h,RfR^'^ 
® S{hi)S{R']'^)h5R'2^R^^^R"^^\ 
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On the other hand, by Proposition 1.3 and Lemma 2.2, 

{H ® A) v{h) = ^(2)/^3i?'^^^ S{h2)S02^)hji''^^ ® S{hi)S{R^l'^)h^B^2^ 

^ S{hi)S{R^T'^)h5R'2^ S(R^^^)r'''''^ 
= mhsR'^''^ ® S{h,)S{R^;^)h,Rfs(R"^'^)R^''^ 
® Sihi)SiR^^^)h5R'2^R^^^R"^^^ 

= R^^^hsR''-^^ ® SiR''^'^)Sih2)SiR^i^)hJi'['^R^^^ 
® S{hi)S{R[^^)h'iR'2^R''^^R''^^\ 

To finish the proof only remain to check that ly satisfies condition (2) of Defini- 
tion 2.1. But, by Proposition 1.3 and item (5) of Definition 1.1, 

u{hl) = R^^^hihR'^^^ <8) S{h)S{hi)S{R'^^^)h3l3R'^^^ 

= R^^^h2R'^^^R^^h2R'^^^ ® Sih)S{h,)S{R^'^)h,R'(''^S(R^'^)hR'^'^ 
= i?(2)/i2i?'(2)i?(2);2i?'^'^ ® S{h,)S{R^'^)h3R'^'^S{h)S{R^'^)kR'^'^ 

as desired. □ 

Corollary 2.4. // {H, R) be a semiquasitriangular Hopf algebra, then H is a left 
normal {H, R) -module via the left regular action and the left coaction 

uiih) := S-i(/i3)5-Hi?(2))/iiiJ'(2) 
it is a right normal (H, R) -module via the right regular action and the right coaction 

U2{h) := R"-^h2R^^^ ® R"-^^h3S^\R^^^)S-\hi), 
and it is a right-left {H, R) -module via the right regular action and the left coaction 
V3{h) := R'^^^hiS{R^^^)S{h3) ii'(2)/i2i?(2). 

Proof. By Proposition 2.3, it suffices to note that a left normal {H, i?)-module is 
the same that a normal {H'^°p, r(i?))-module, a right normal {H, i?)-module is the 
same that a normal {H°p, T(ii))-module and a right-left (H, J?)-module is the same 
that a normal {H°p i?)-module. □ 

Theorem 2.5. Let (H, R) be a semiquasitriangular Hopf algebra. The category 
(H,R)-M^^'^\n) , of normal {H, R)-modules, is a braided category. The unit object is 
k, endowed with the trivial action and the trivial coaction, and the tensor product is 
the usual tensor product over k, endowed with the diagonal action and the diagonal 
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coaction. The associative and unit constraints are the usual ones and the braid c is 
given by CMNim ® n) = R^^^ ■ ® R'-^^ni ■ m. 

Proof. Let M and N be normal -ff-modules. It is obvious that mo ^ no ^ mini € 
M A/' Z{H) for all h e H, n e N and m £ M. Moreover, by item (2) of 
Definition 1.11 and items (2) and (5) of Definition 1.1, we have 

i'{h ■ (m n)) = {hi ■ m)o (8> (/i2 • n)o (8> {hi ■ m)i(/i2 • n)i 

(g)S{hi)S{R^^^'>)h3R'(^^'>miS{h4)S{R^'^'')h6R'^^^ni 
= R^^^h2R"^^'> ■ ma ® if^^ hsR'^^^ ■ m 

^ S{hi)S{R^^'>)h3S{h4)S{R^^'')h6R'^^^ R'^^^mmi 
= . mo R^^haR'^^^ ■ no 

^ S{hi)S{R^^^ R^^^)hiR'^^^ R'^^^mmi 
= Rfh^R'^i^ ■ mo R^h^Rlf^ ■ no S{hi)S{R^^'')hiR'^^'>mini 
= i?(2)/i2i?'^^^ • (mo no) 5(/ii)S'(ii(i))/i3i?'^^^mini, 

for each h G H. Hence, the tensor product M A/' is a normal i?-module via the 

diagonal action and the diagonal coaction. Moreover, it is immediate that fc is a 
normal if-module, and it is clear that the usual associative and unit constraints 
are /f-linear and Jf-colinear maps. So, (H,R)-M^^'^\n) is a monoidal category. To 
prove that it is a braided category with braid c, we must show that c is a natural 
isomorphism of normal {H, i?)-modulcs, and that 

cm®n,p = {cMP (E) N){M (g) CNp) and cmm®p = (iV Cmp) {cmn P) 

for all M,N,P e (H.n:)M'-^'^\n). We do this in several steps. 
Cmn is H -linear. For h £ H, m € M and n € N, we have: 

CMN{h-{m n)) = CMN{hi • m /i2 • n) 

= . • n)o R'^^Xhi ■ n)i ■ {hi ■ m) 

= R^^^R^'^h3R'^^^ ■ no R'^^'^S{h2)S{R^'^^)h4R'^^^nihi ■ m 

= R^^^R^'^hsR'^^^ ■ no R'^^'^hiS{h2)S(R^^^)hiR'''^^ni ■ m 

= R^^m^'hiR'^^^ . no R^'^S{R^'^)h2R'^'\i ■ m 

_,(2) _,(1) 

= hiR ■no®h2R ui ■ m 

_/(2) _/(l) 

= h • {R • no i? ni • m) 

= h ■ CMN{m n), 

where the third equality follows from item (2) of Definition 2.1, the fourth one 
follows from item (1) of Definition 2.1 and item (5) of Definition 1.1 and the sixth 
one follows from Proposition 1.3. 
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cmn is H-colinear. For m G M and n G N, we have: 

v{cMN{'ni ® n)) — v{RP'^ ■ no ® R^^^n\ ■ m) 
= • no)o O (R^^^ni ■ m)o ® (-R^^^ ■ no)i(-R(^^ni • m)i 

= R^^^R^^^r'^'^ ■ no ® i?(2)4i)n3i?'(2) . mo® 

= R^^^R^^^r'^^^ ■ no ® j^,(2) . 

5(:R^'^i?f))i?f;R'^'^S(^(i)4^))ii«n2^'(i)mi 
= R^^R^'^r'^'^ ■ no 4'^^(2)ni^'(2) . 

= R^^m^'^R'^^^ ■ no ® j^,(2)^^ . ^ 5(:R^'^)7?'^'^5(i?(i))i?'(i)min2 

= i?^^^ • no (8 R'^^^ui ■ mo (8) min2 
= (cmn <8) -ff) ^'(m n), 

where the third equahty foUows from item (2) of Definition 2.1, the fifth one fol- 
lows from items (3) and (4) of Definition 1.1 and the seventh one follows from 
Proposition 1.3. 

c is a natural isomorphism: Let f : M ^ M' and g: N ^ N' morphisms of normal 
modules. For each m £ M and n £ N, we have: 

{g ® f)cMN{m ® n) = . no) ^ /{R'-^^m ■ m) 

= i?(2) ■g{no)(^R'-^^ni ■ f{m) 
= R^^^ -9(71)0 ^R'^'^g{n)i-f{m) 
= CM'N'{f{m)® g{n)). 

This shows that c is a natural transformation. In order to prove that Cmn is a 
bijective map it suffices to note that c = It{r) c, where c: M ® N ^ N ® M and 
Zt-(jj) : a/' (g) M a/' (g) M are the maps defined by 

c(to ®n) := no (E) ni ■ m and lr(R)(,'n ® m) := R^"^^ ■ n (8) i?'"^^ • m, 
which clearly are bijective. 

n is true that (cmp'SiN) {M®cnp) = cm^n,p: by condition (2) of Definition 2.1, 
conditions (1) and (3) of Definition 1.1 and Proposition 1.3, 

{cmp ®N){M ® CNp){m ®n®p)^ (cmp <E) N){m ® R'^^^ ■ pq (g) R^^^pi ■ n) 

= ^(2)^,(2) . ^ i?(l)5(42))5(^(l))^(2)^,(l)p^ . ^ ^ . ^ 
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= . po o R^^^p^ . m (8> R^^^p2 ■ n 

= R^'^^ ■ po O R^i^Pi ■ m R^2^P2 ■ n 
= CM®N,p{m ®n®p), 

where the third equality follows from item (2) of Definition 2.1, the fourth one 
follows from item (3) of Definition 1.1, the fifth one follows from Proposition 1.3 
and the sixth one follows from item (1) of Definition 1.1. 

It is true that [N ® cmp) {cmn ® P) = Cm,n^p: by item (1) of Definition 2.1 and 
item (2) of Definition 1.1, 

{N ®cmp){cmn ®P){m®n®p) = {N cmp){R^'^-' • no (8) -m^p) 

= R^'^^ ■ no 8) R^^^ ■ po lt^\iR^^^ni ■ m 

= • no (8) i?^^' • Po 8) R^-^^R'^^^'nipi ■ m 

= ^ • no (8) R2^ ■ Po (8 R^^^nipi ■ m 
= CM,N^p{m ®n®p). 

This finish the proof. □ 

Remark 2.6. The inverse of the braid c introduced in Theorem 2.5 is given by 
c^^(n 8) m) = S'(ni)S'(E(i)) • m ® R^^^ ■ uq. In fact, let c : M 8) iV AT (8) M and 
^t{r) '■ A'' (g) M — > A/' (g) M be as in the proof of Theorem 2.5. It is easy to see that 
c~^{n ®m) = S{ni) ■ m 8) no and l~^fi^^{ri ®m) = i?*^^^ • n 8) S{R^^^) ■ m. Hence, by 
item (5) of Definition 1.1, item (3) of Proposition 1.2 and Proposition 1.3, we have 

c^M (n O m) = c"^ {I'^j^-^ (n m)) 

= ■ n)i)5(i?(i)) ■ m O {R^^^ ■ n)o 

= 5(5(4' ^)5(:R(i))i?f E'(i)ni)5(ii(i)) • m 0:r(2)^(2);^'(2) . 

= 5(5(:R(i))5(i?f E'(i)ni)5(ii(i)) • m Pf^R^^^R^^^) • no 

= 5(5(:R(i))E'(i)ni)5(ii(i)) ■ m R^^^W^R^^^) • no 

= S{ni)S{R'^^'^) ■ R^'^'^ ■ no, 

as we assert. 

Corollary 2.7. Let {H,R) be a semiquasitriangular Hopf algebra. The categories 

(H'flj-^(^)' °/ ^^f^ normal {H,R) -modules, ■^(2'^j(?^); of right normal {H,R)- 

m,odules, and '■"^'^■'7V((if,_R) (n), of right-left normal {H, R) -modules, are braided 
categories. In all the cases the unit object is k, endowed with the trivial ac- 
tion and the trivial coaction; the tensor product is the usual tensor product over 
k, endowed with the diagonal action and the diagonal coaction and the associa- 
tive and unit constraints are the usual ones. The braids are given respectively by 
cimn{^ i8) n) = R'^^^ ■ no (8 R^'^^n-i ■ m, C2mjv('^ (8 n) = no ■ R^^^ (8 m ■ niR^"^^ and 
C3MN{m (8> n) = no ■ R^"^^ (gi m • m 

Proof. Proceed as in the proof of Corollary 2.4. □ 
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Recall that an object y of a braided category C is rigid if there exists an object 
V* , endowed with arrows evy : V* ^ V ^ Iq and coevy : Ic ^ V ^ V* , where Iq 
is the unit object of C, satisfying 

idv = (1^ ® evy) (coevy ^V) and idy. = (evy (g)^*) {V* (8) coevy). 

The object V* , which is unique unless a canonical isomorphism, is called the left 
dual of V, and the morphisms evy and coevy are called the evaluation and the 
coevaluation maps of V, respectively. Let U, V rigid objects of C and let /: U ^ V 
be a map of C. The transpose map f*: V* ^ U* of / is defined by 

/* := (evy (g)U*) {V*(g)f(g> U*) {V* Cg) cocvr/). 

A braided category is said to be rigid if each object has a left dual. Let {H, R) be a 
semiquasitriangular Hopf algebra. We are going to prove that the category of finite 
dimensional left-right normal {H, R)- modules is a rigid braided category. 

Let M be a finite dimensional left-right normal (77, i?)-modulc. Given / G M* 
and h G H we define h ■ f hy {h ■ f){m) = f{S{h) ■ m) and we define i^m*(/) € 
M* ®Z{H) by v{f) = f{miQ)m*<SiS~^{mii), where {mi,m|}j£/ are dual bases 
of M. 

Theorem 2.8. M* is a left-right normal {H,R) -module. 

Proof. It is immediate that h® f ^ h - f \s an action and that (M* (g) e) v{f) = f. 
Let us see that (M* ® A) ly = {v ® H) v. By definition 

(M* (8) A) UM' if) = ^ f{mio)m* O S-\mi2) (8> S-\mii) 

and 

(y®H)vM'{f)= ^ /(mio)rn*(mjQ)m* (^^"^(mj^) (^^"^(mii). 

Evaluating in the first factor of these expressions in rrife for 1 < fc < n, we reduce 
to prove that 

/(mfeo) ® S^^{m,k2) ® S~^{mki) = ^ f{mio)m*{mko) O S~^{mki) O S~^{mii). 

This follows to applying {f ® S~'^ ® S~'^) {N <E> t) {vm ® H) to the equality 
rriko^rnki = ^miom*(mfeo) (8i mfei. 

It remains to prove that condition (2) of Definition 2.1 is satisfied. We must see 
that 

{h ■ f)o{m)h*{{h ■ /)i) = . /o)(m)/i*(5(/ii)5(ii(i))/i3i2'('Vi) 
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for all m S M and h* € H*. On one hand we have 

{h ■ f)o{m)h*{{h ■ /)i) = f{S{h)mio)m*{m)m*{S-\ma)) 

= Yf{S{h)miom*{m))h{S-\mi,)) 

= f{S{h)mo)h*{S-\m,)), 

where the last equality follows from the fact that X^jgj = m. On the 

other hand, 

. fo){m)h*{S{hi)S{R^'^)h3R'^'^h) 
= ^/(mio)m|(5(i?(2)/i2E'(2)) . m)/i*(5(/ii)5(i?W)/i3i?'^^^5-^(mii)) 

= ^/(miom*(5(i?(2)/i2i?'(2)) . m))/i*(5(/ii)5(i?(i))/i3i?'('^5-i(mii)) 

= /((5(ii(2)/i2iJ'(2)) .m)J/i*(5(/ii)5(i?(i))/i3ii'('^5-i((5(i?(2)/i2ij'(2)) J) 
= f{W^S{Rf\sR'f^)t^^^ ■ mo)h*{s{hr)S{R^^^)hr,R'^^^ 

S-^S\R^ih,Rf^)S0'y)S{Rf'>h2R'^)R'^'^m^)) 

S-\mi)S-\R'^^^)R^ih2Rf'>R^^^S{Rf^)S{h4)S{R^3^)^ 
= f{S{Rf^R^^^)S{h3)S(R'^''^Rf^)-mo)h*(^S{hi)S{R^^^)h5R'^^^ 
S-Hmi)R'^'^Rfh2Rf^SiRf^R^'^)S{hi)S{R^^^)) 

= /(5(iJ'(2))5(:R(2))5(/i3)S(:R'(2))5(i?f ^) • mo)h* (^S{hi)S{R^^^)h5R'^^'> 

S-^ (mi)i?f ^^'(1) h2S{W^ )5(/i4)5(i?f ^ )) , 

where the third equality follows from the fact that X^ig/ 'mi'm*{'m) = m, the fourth 
one follows from the fact that um satisfies condition (2) of Definition 2.1, the 
sixth one follows from Proposition 1.3 and the seventh and eighth ones follow from 
item (3) of Proposition 1.2. Since, by the discussion that follows Proposition 1.9, 

hi (g) 5(7?(2))5(/i3).5(i?'^^^) ® R'^^^h2S(R^^^)S{h4) & H (g) H (S> Z{H), 
we obtain 

{R^'^h2R"-^^ ■ fo){m)h*{Sih,)S{R^'^)h3R'^'^h) 

= /(^(i?(2)i?'(2))5(/,3)^(i?(2)7^'(2)) . 

h* (^S{hi)S{R^^^)h5R'^^^ S-\mi)R''^^^h2S(R'^^^)S{h4)) 
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= f{S(R^'^^R'^^^)S{h3) ■ mo)h*{S{hi)h2S0^^)R'^^^S-\mi)) 
= f{S{h)-mo)h*{S-\mi)), 



where the third and fourth one equahties foUows from Proposition 1.3, as we 
need. □. 

Theorem 2.9. Let M be a finite dimensional left-right normal {H,R) -module. 

Then, the left-right normal (H, R) -module M* , together with the usual evaluation 
and eoevaluation maps evM : Af* ®M^k and coevM : k — > M ®M* , is a left dual 
ofM. 

Proof. It is well known that evM and coevM are i7-linear maps and that 

idjvf = {M ® gym) (coevM ®M) and idM* = (evM ®M*) (M* ® coevM)- 

It remains to prove that cvm and cocvm arc iJ-colinear maps. Let {mi,m*}ig/ 
be dual bases of M and let m G M. Since Ylii^i mim*{mo) (g) mi = mo ® mi and 
mo mi € H <Si Z(i?), we have 

(evM <^H) v{f) = (evM ®H){f{m^Q)m* ®mo® miS~^{mii)) 



for each / e M* . So, evM is a morphism of comodules. To check that coevM is 
also, it suffices to note that since 



= /(mio)m*(mo) «) mi5 ^(mji) 
= /(mo) ® m2S~^{mi) 
= f{m) ® 1 




we have 







(coevO/f) 



as desired. □ 
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Corollary 2.10. The category {H,R)-Mf^^' (n), of left-right finite dimensional 

normal (H, R) -modules, is rigid. 

Let {H,R) be a finite dimensional semiquasitriangular Hopf algebra and let 
{hi,h*}i^i be dual bases of H and H*. Let H txi H* denote the tensor prod- 
uct H (g) H*, endowed with the multiplication (ft tKi (/;)(/ ixi (^) = HR^'^^hR'^'^^ co 
(V' S{li)S{R'^^^)l3R'^^^)(j} and the codiagonal comultiphcation. Wo write htx tp 
to denote the element h^i) oi H ^ H*. Let T e {H H*) ® {H H*) be the 
element T := Eie/C^^^^'^i P<ie)^ (i?^^) m h*). 

Theorem 2.11. H Cxi H* is a Hopf algebra with unit 1 ix] counit en ® eh' and 
antipode SnixH'ih ix] V") •= (1 ^ 4>S){S{h) ixi e). Moreover the category of left 
representations of H tx H* coincide with the category of normal {H,R) -modules 
and {H t< H*,T) is a quasitriangular Hopf Algebra. 

Proof. This result can be proved using [Ch-P, Theorem 5.1.11], but here we prefer 
to give a direct proof. Let x ■ H* (g) H ^ H H* be the map given hy xii' ®h) = 
(1 CXI [xa 1). In order to prove that H tx] H* is an associative algebra with unit 
1 1X1 e, it suffices to check that x is a twisted map in the sense of [C-V-S]. That is, 

X (H* /i) = (a* ® H*) [H (g) x) ix ® H), 
xifiH' C^H) = {H(»iiH'){x<»H*){H*iS)x), 
X{e®h) = h®e and %(''/' ® 1) = 1 ® "'A- 
We leave this to the reader. Now, it is immediate that the category of left represen- 
tations of -ff CXI H* coincide with the category of normal {H, i?)-modules. In fact, 
if M is a normal {H, i?)-module, then 

(htxiilj) ■ m = h ■ motp{mi) for m € M. 

Since the category of finite dimensional normal {H, i?)-modules is rigid monoidal, 
it is true that H cxi H* is a Hopf algebra with comultiphcation and antipode given 
by 

AijMH* {h :xi tp) = {h !Xi ip) ■ [(1 txj e) ® (1 ixi e)] = {hi ex ipi) (g) (/12 ex ■i/'2) 

and 

Sh,<H' {h c<] V^) = (1 M S{(P)){S{h) M e). 
Finally, since the category of normal {H, i?)-modules is braided, 

T c((l cx e) (1 txi e)) = T ^^^^ ■ (1 ^ ® -^^^^^i ■ (1 ^ 

i 

is an i?-structure of iJ ex i7 * . □ 

Example 2.12. When {H, R) is quasitriangular, then H H* ~ H ® H* . 

Example 2.13. Let G be a finite group, H = k[G]* and R= 1(g) 1. For each x G G 
let : G — > be the map 5x{y) = 5x,y, where 5x,y is the Kronecker symbol. Then 
H cx H* is the tensor product of k[G]* with k[G], endowed with the multiplication 
given by 

S^txyy' i{x' = yxy-'^, 
in other case. 



(4 CXI y) (4' c-ay') 



In this case, the i?-matrix T is y^ci^^ ixi 1) (g) [5y [xi x). 
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3. The Drinfeld element of a semiquasitriangular Hope algebra 

In this section we show that the properties of the Drinfeld element of a quasitri- 
angular Hopf algebra remain valid in the semiquasitriangular setting. However, in 
this last case same formulas are more involved (see for instance Proposition 3.2). 

Definition 3.1. Let {H, R) be a semiquasitriangular Hopf algebra. The Drinfeld 
element of {H,R) is the element u := S'(i?(2))ii(i) of H. 

Proposition 3.2. Assume that {H,R) is a semiquasitriangular Hopf algebra. Let 
T: H ^ H be the map defined by 

T{h) := R^'^^h2R'^'^^S{hi)S{R^^^)h3R'^^l 

The Drinfeld element u is invertible with inverse Moreover, S^{h) = 

uT{h)u-^ for all heH. 

Proof. By conditions (5) and (6) of Definition 1.1 and Proposition 1.3, we have 

S{h2)uT{hi) = S{h4)uR^'^^h2R'^^^S{R'^^^)S{hi)R^^^h3 

= 5(i?'(2))5(/ii)/i2i?'(') 
= ue{h). 

Hence, S^{h)u = S^{h2)e{hi)u = S^{h3)S{h2)uT{hi) = uT{h). It remain to check 
that u is invertible and = ii^^^S'^(i?^^)). By the formula proved above, condi- 
tion (4) of Definition 1.1 and Proposition 1.3, we have 

^(2)52(^(1)^^ ^ i?Wyi?(2)^(l)^'(2)^(]^(l))5(^(l))y^(l)^/(l) 
= i?(2)^,i?Wi?(2)i?'(2)5(i?(l))5(ij(l))i^(l)i?'(l) 
= i?(2)ui?(l)i?(2)i?'(2)5(i?(l))i?'(l) 

= 1. 

Hence, is a left inverse of u. To prove that it is also a right inverse, 

we note that by condition (3) of Definition 1.1 and Proposition 1.3, 

S\m)uS\m) = uR^'m^^^R'^'^S{R'^^^)S{R^^^)R^^m^i^S\R^'^) 
= ums\R^'^). 



So, Mi?(2)52(i?(i)) = 52(i?(2))^,52(i?(i)) = RC^^uR^^^ = 1, as we want. □ 
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Proposition 3.3. Let {H,R) be a semiquasitriangular Hopf algebra. The Drinfeld 

element u satisfies 

e{u) = 1, A{u) = {R2iRy\u(x)u) = (w ® u)(i?2ii?)"\ 
A{S{u)) = {R2iR)-\S{u) ® S{u)) = {S{u) O S{u)){R2iR)-^ 

and 

A{uS{u)) = {R2iR)-'^{uS{u)^uS{u)) = {uS{u) ^uS{u)){R2iR)-'^. 

Proof. From Proposition 1.3 it is immediate that e{u) = 1. By Proposition 1.3 and 
item (3) of Definition 1.1, we have 

R32R23{R^^^^A{S{R^^^))) = Rs2R23{R^^^ ® (5 ® 5)A'^°P(i?(2))) 

= Rs2{H 5 S){R23)iH 5 S){R^^^ A^°P(i?(2))) 
= Rs2{H 5 5)((i?(i) A°P(ii'(2)))i?23) 

= i?32(if 5 5)(i?23(i?*'^ ® A(i?(2)))) 

= i?32(ii' 5 A(il'(')))i?23 

= (i? 50S')((i?(l) A(i?(2)))i?32)i?23 
= (if 50 5)(i?32(i?<'^ 0A™P(i?(2))))iJ23 
= (i?(l)0A(5(i?(2))))i?32i?23. 

Hence, R2iRA{u) = i?2ii?A(5(i?(2)))5(i?(i)) = A{S{R<^^^))R2iRS{R'^^'^). Simi- 
larly, A{u)R2iR = A(S'(i?(2)))i?2i-R5'(i?(i)). On the other hand arguing as in [Ka, 
Proposition VIII. 4. 5], can be check that this last expression equals w m. This 
gives the formula for A(u). Now it is easy to check the formulas for A(5(w)) and 
A{uS{u)). a 

Proposition 3.4. Let {H, R) be a semiquasitriangular Hopf algebra. The elements 
u, S{u) and uS{u) are coinvariants for the coaction u. 

Proof. Since, by Proposition 2.3, v is multiplicative, it suffices to prove the assertion 
for u and S{u). We consider the first case we leave the second one to the reader. 
By items (3) and (4) of Proposition 1.2 and Proposition 1.3, 

= R^'''^S(Rf)R'^^mf S{R^l~^)S^{Rf)S{R(^'^)S{Rf)R'^^m^2~^ 

= ® S{ltl^)S\Rf)S{R^^'^)S{R'^^mf)lt2^ 

= R^^^S{R'^^^)S(Rf^)Ri'^ S{R^^^)S^{Rf)S{R^'^)S{R'^'^)S(R^2^)Ri'^ 

= 5(i!f S{Ri'^)S\Rf^)S(R^^^)Ri'^ 

= S{R''^)Rf^^S(R^^')R'i^ 

= 5(i?^'')i?^'^ 1 
= tt 1, 
as we want. □ 
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Corollary 3.5. For each semiquasitriangular Hop f algebra {H,R), it is true that 

S^{u) = u, S'^(u-^) = u-^ and uS{v) = S{u)u. 

Proof. By Proposition 3.2 it suffices to prove that T{u) = u and T{S{u)) = S{u). 
These assertions follow immediately from Proposition 3.4, since T = fiv. □ 

Proposition 3.6. Let {H,R) he a semiquasitriangular Hopf algebra, and let v 
he the left coaction of H defined by y := (5 S) v . The following facts are 

equivalents: 

(1) S{u)ueZ{H), 

(2) ST = TS, 

(3) fiv = ^v. 

Proof. Let h € H. By Proposition 3.2, we have 

S{u)-^S{T{h))S{u)S{S^{h)) = S^{S{h)) = uT{S{h))u-\ 

That is S{T{h))S{u)u = S{u)uT{S{h)). Since S and T are bijective maps and 
S{u)u is invertible, this implies that the items (1) and (2) are equivalents. It 
remains to prove that (2) (3). To do this it suffices to note that T = fiu and 
that 

STS-"" = S iJLV S-^ = S ii""^ y S-"" = iJi{S S)v S-^ = fiv, 
where the second equality follows from the fact that Imu <Z H ^ □ 
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